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Abstract
As an extension of our previous paper, instead of the total deflection angle α, we will mainly
focus on discussing the measurable angle of the light ray ψ at the position of the observer in
Kerr–de Sitter spacetime which includes the cosmological constant Λ. We will investigate the
contributions of the radial and transverse motions of the observer which are connected with the
radial velocity vr and transverse velocity bvφ (b is the impact parameter) as well as the spin
parameter a of the central object which induces the gravitomagnetic field or frame dragging and
the cosmological constant Λ. The general relativistic aberration equation is employed to take into
account the influence of the motion of the observer on the measurable angle ψ. The measurable
angle ψ derived in this paper can be applied to the observer placed within the curved and finite-
distance region in the spacetime. The equation of the light trajectory will be obtained in such
a way that the background is de Sitter spacetime instead of Minkowski spacetime. If we assume
that the lens object is the typical galaxy, the static terms O(Λbm,Λba) are basically comparable
with the second order deflection term O(m2), and they are almost one order smaller that of the
Kerr deflection −4ma/b2. The velocity-dependent terms O(Λbmvr,Λbavr) for radial motion and
O(Λb2mvφ,Λb2avφ) for transverse motion are at most two orders of magnitude smaller than the
second order deflection O(m2). We also find that even when the radial and transverse velocities
have the same sign, their asymptotic behavior as φ approaches 0 is differs, and each diverges to
the opposite infinity.
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I. INTRODUCTION
The cosmological constant problem is an old but unsolved issue in astrophysics and
cosmology that is closely related to the general theory of relativity; see reviews by, e.g.,
[1, 2]. After the establishment of the general theory of relativity in 1915–1916, Einstein
incorporated the cosmological term Λgµν into the field equation in order to represent the
static Universe. Although the discovery of cosmic expansion by Hubble caused Einstein to
withdraw the cosmological term from the field equation, nowadays it is widely considered
that the cosmological constant Λ, or the dark energy in a more general sense, is the most
promising candidate for explaining the observed accelerating expansion of the Universe [3–5]
despite the fact that its details are not at all clear. One straightforward way to tackle this
problem from another viewpoint is to investigate the effect of the cosmological constant Λ
on the bending of a light ray. In fact, the bending of a light ray is the basis of gravitational
lensing which is a powerful tool used in astrophysics and cosmology; see, e.g., [6, 7] and the
references therein.
The influence of the cosmological constant Λ on light deflection, especially on the total
deflection angle α, had been the subject of a long debate and was investigated mainly
under the static and spherically symmetric vacuum solution, namely the Schwarzschild–de
Sitter/Kottler solution. Islam [8] first showed that the trajectory of a light ray is not related
to the cosmological constant Λ because the second-order differential equation of the light ray
does not depend on Λ. On the basis of the result obtained by Islam, it was thought for a long
time that the cosmological constant Λ does not affect the bending of a light ray. However, in
2007, a significant indication was provided by Rindler and Ishak [9] who pointed out that the
cosmological constant Λ does contribute to the bending angle of a light ray in terms of the
invariant cosine formula. The important point of [9] is that though the trajectory equation
of the light ray admittedly does not depend on the cosmological constant Λ, the angle
should be determined via the metric tensor gµν : because Schwarzschild–de Sitter spacetime
is not asymptotically flat, the metric gµν plays an important role in determining the angle
as well as the length [42]. Inspired by this paper, many authors intensively discussed its
appearance in diverse ways; see [10] for a review article, and also see, e.g., [11–24] and the
references therein. Moreover, several authors discussed light deflection in Kerr–de Sitter
spacetime which is the stationary and axially symmetric vacuum solution and includes the
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spin parameter a of the central object as well as the cosmological constant Λ; see, e.g.,
[25–28] and the references therein. The same consideration is further extended to the more
general Kerr-type solutions, see, e.g., [29–36].
However, in spite of the intensive discussions and various approaches, a definitive conclu-
sion has not yet emerged. One of the main reasons for this is that because the Schwarzschild–
de Sitter and Kerr–de Sitter solutions are not asymptotically flat unlike the Schwarzschild
and Kerr solutions, it is ambiguous and unclear how the total deflection angle α should be
defined in curved spacetime. Although to overcome this difficulty a method for calculating
the total deflection angle is independently investigated and proposed on the basis of the
Gauss–Bonnet theorem by [23, 24], it seems that further consideration is needed to settle
the argument. Because of the difficulty of defining the total deflection angle α in curved
spacetime, our argument is described in Appendix A of [37].
As described briefly above, the concept and definition of the total deflection angle of
the light ray α is a counterintuitive and difficult problem; however it is always possible to
determine the measurable angle ψ at the position of the observer P which can be described
as the intersection angle between the tangent vector kµ of the light ray Γk that we investigate
and the tangent vector wµ of the radial null geodesic Γw connecting the center O and the
position of observer P . See FIG. 1 in section III. We investigated in [37] the measurable
angle of the light ray ψ at the position of the observer in the Kerr spacetime on the basis of
the general relativistic aberration equation [20] (and see also [38, 39]) which enables us to
compute the effect of the motion of the observer more easily and straightforwardly because
the equations of the null geodesic of Γk and Γw do not depend on the motion of the observer;
the velocity effect is incorporated in the formula as the form of the 4-velocity of the observer
uµ.
In present paper, we will extend our discussion of the measurable angle ψ at the position of
observer P to Kerr–de Sitter spacetime containing the cosmological constant Λ as well as the
spin parameter of the central object a. Our purpose is to examine not only the contribution
of the cosmological constant Λ and the spin parameter a of the central object but also the
effect of the motion of the observer on the measurable angle ψ. As in our previous paper,
the 4-velocity of the observer uµ is converted to the coordinate radial velocity vr = dr/dt
and coordinate transverse velocity bvφ = bdφ/dt (b is the impact parameter and vφ = dφ/dt
denotes the coordinate angular velocity), respectively.
3
This paper is organized as follows: in section II, the trajectory of a light ray in Kerr–de
Sitter spacetime is derived from the first-order differential equation of the null geodesic.
In section III, the general relativistic aberration equation is introduced and in section IV
the measurable angle ψ in Kerr–de Sitter spacetime is calculated for the cases of the static
observer, the observer in radial motion and the observer in transverse motion. Finally,
section V is devoted to presenting the conclusions.
II. LIGHT TRAJECTORY IN KERR–DE SITTER SPACETIME
The Kerr–de Sitter solution — see Eqs. of (5.65) and (5.66) in [40], and also, e.g., [25–28]
— in Boyer–Lindquist type coordinates (t, r, θ, φ) can be rearranged as
ds2 = gµνdx
µdxν
= −∆r −∆θa
2 sin2 θ
ρ2Ξ2
dt2 +
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2
−2a sin
2 θ
ρ2Ξ2
[
∆θ(r
2 + a2)−∆r
]
dtdφ
+
sin2 θ
ρ2Ξ2
[
∆θ(r
2 + a2)2 −∆ra2 sin2 θ
]
dφ2, (1)
where
∆r = r
2 + a2 − 2mr − Λ
3
r2(r2 + a2), (2)
∆θ = 1 +
Λ
3
a2 cos2 θ, (3)
ρ2 = r2 + a2 cos2 θ, (4)
Ξ = 1 +
Λ
3
a2. (5)
gµν is the metric tensor; Greek indices, e.g., µ, ν, run from 0 to 3; Λ is the cosmological
constant; m is the mass of the central object; a ≡ J/m is a spin parameter of the central
object (J is the angular momentum of the central object) and we use the geometrical unit
c = G = 1 throughout this paper.
For the sake of brevity, we restrict the trajectory of the light ray to the equatorial plane
θ = π/2, dθ = 0, and rewrite Eq (1) in symbolic form as
ds2 = −A(r)dt2 +B(r)dr2 + 2C(r)dtdφ+D(r)dφ2, (6)
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where A(r), B(r), C(r), and D(r) are
A(r) =
(
1 +
Λ
3
a2
)−2 [
1− 2m
r
− Λ
3
(r2 + a2)
]
, (7)
B(r) =
[(
1− Λ
3
r2
)(
1 +
a2
r2
)
− 2m
r
]−1
, (8)
C(r) = −
(
1 +
Λ
3
a2
)−2
a
[
2m
r
+
Λ
3
(r2 + a2)
]
, (9)
D(r) =
(
1 +
Λ
3
a2
)−2 [
(r2 + a2)
(
1 +
Λ
3
a2
)
+
2ma2
r
]
. (10)
Two constants of motion of the light ray, the energy E and the angular momentum L, are
given by
E = A(r)
dt
dλ
− C(r)dφ
dλ
, (11)
L = C(r)
dt
dλ
+D(r)
dφ
dλ
, (12)
where λ is the affine parameter. Solving for dt/dλ and dφ/dλ, we obtain two relations:
dt
dλ
=
ED(r) + LC(r)
A(r)D(r) + C2(r)
, (13)
dφ
dλ
=
LA(r)− EC(r)
A(r)D(r) + C2(r)
. (14)
From the null condition ds2 = 0 and Eqs. (6), (13), and (14), the geodesic equation of the
light ray can be expressed as(
dr
dφ
)2
=
A(r)D(r) + C2(r)
B(r)[bA(r)− C(r)]2 [−b
2A(r) + 2bC(r) +D(r)], (15)
where b is the impact parameter defined as
b ≡ L
E
. (16)
Using Eqs. (7), (8), (9), (10), and (15), the first-order differential equation of the light ray
becomes
(
dr
dφ
)2
=
[(
1− Λ
3
r2
)
(r2 + a2)− 2mr
]2
r2
(
1 +
Λ
3
a2
)2 [
b− 2m
r
(b− a)− Λ
3
(b− a)(r2 + a2)
]2
×
[
r2 + a2 − b2 + 2m
r
(b− a)2 + Λ
3
(b− a)2(r2 + a2)
]
. (17)
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Putting u = 1/r, Eq. (17) is rewritten as [43]
(
du
dφ
)2
=
[(
1− Λ
3u2
)
(1 + a2u2)− 2mu
]2
(
1 +
Λ
3
a2
)2 [
b− 2mu(b− a)− Λ
3u2
(b− a)(1 + a2u2)
]2
×
[
1 + (a2 − b2)u2 + 2mu3(b− a)2 + Λ
3
(b− a)2(1 + a2u2)
]
. (18)
Expanding Eq. (18) up to the order O(m2, a2, am,mΛ, aΛ,Λ2), we have
(
du
dφ
)2
=
1
b2
+
Λ
3
− u2 + 2mu3 − 2a2u2 + 3a
2u2
b2
− 4amu
b3
+
2Λa
3b3u2
+O(ε3). (19)
Note that for the sake of simplicity, we introduced the notation for the small expansion
parameters m, a and Λ as
ε ∼ m ∼ a ∼ Λ, ε≪ 1, (20)
then O(ε3) in Eq. (19) denotes combinations of these three parameters. Henceforth we use
the same notation to represent the order of the approximation and residual terms.
It is instructive to discuss how to choose a zeroth-order solution u0 of the light trajectory
u. If m = 0 and a = 0, then Eq. (19) reduces to the null geodesic equation in de Sitter
spacetime (
du
dφ
)2
=
1
b2
+
Λ
3
− u2, (21)
which can be also derived immediately from Eqs. (17) and (18). Because we assume a
nonzero cosmological constant Λ a priori, we cannot take Λ to be zero; in fact the action
S =
∫ [
c4
16πG
(R− 2Λ) + LM
]√−gd4x, (22)
and the field equation
Rµν − 1
2
gµνR + Λgµν =
8πG
c4
Tµν , (23)
include the cosmological constant Λ explicitly where g = det(gµν), LM denotes the La-
grangian for the matter field; Rµν and R are the Ricci tensor and Ricci scalar, respectively;
and Tµν is the energy-momentum tensor. Because m and a are the integration or arbitrary
constants in the Kerr–de Sitter solution, it is possible to put m = 0 and a = 0. Therefore
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Eq. (21) cannot be reduced to the null geodesic equation in Minkowski spacetime and the
zeroth-order solution of the u of the light ray should be taken as the form
u0 =
sin φ
B
,
1
B2
≡ 1
b2
+
Λ
3
(24)
instead of u0 = sinφ/b. Note that Eq. (24) should be evaluated in de Sitter spacetime
ds2 = −
(
1− Λ
3
r2
)
dt2 +
(
1− Λ
3
r2
)−1
dr2 + r2dφ2, (25)
instead of in the Minkowski spacetime. The choice of the zeroth-order solution is key to
obtaining the measurable angle ψ; see section IVA below.
Let us obtain the equation of the light trajectory in accordance with the standard per-
turbation scheme. We take the solution u = u(φ) of the light trajectory as
u =
sinφ
B
+ δu1 + δu2, (26)
where δu1 and δu2 are the first order O(ε) and second order O(ε2) corrections to the zeroth-
order solution u0 = sin φ/B, respectively. Inserting Eq. (26) into Eq. (19), then expanding,
integrating and collecting the same order terms, the equation of the light trajectory in
Kerr–de Sitter spacetime is given up to second-order O(ε2) by
1
r
=
sinφ
B
+
m
2B2
(3 + cos 2φ)
+
1
16B3b3
{
b3
(
3m2 + 2a2
)
(3 sinφ− sin 3φ) + 4b [7b2m2 + 6a2(B2 − b2)] sin φ
+
(
30b3m2 − 12a2b3 + 12B2a2b) (π − 2φ) cosφ− 32B3am}
−ΛB
3a
(
2 sin2 φ− 1)
3b3 sinφ
+O(ε3), (27)
where the integration constants of δu1 and δu2 are chosen so as to maximize u (or to minimize
r) at φ = π/2
dδu1
dφ
∣∣∣∣
φ=pi/2
= 0,
dδu2
dφ
∣∣∣∣
φ=pi/2
= 0. (28)
Eq. (27) contains two constants B and b, and leads to a complicated expression for the
measurable angle ψ. To avoid the complex expression for ψ, we expand B in Λ and express
B by b, obtaining
1
r
=
(
1
b
+
bΛ
6
− b
3Λ2
72
)
sinφ+
m
2
(3 + cos 2φ)
(
1
b2
+
Λ
3
)
+
1
16b3
{
m2 [37 sinφ+ 30(π − 2φ) cosφ− 3 sin 3φ] + 8a2 sin3 φ− 32am}
−Λa
(
2 sin2 φ− 1)
3 sinφ
+O(ε3). (29)
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Note that if we use the approximate solution of Eq. (19) as [44]
u =
sinφ
b
+ δu1 + δu2, (30)
the following terms in Eq. (29) disappear:(
bΛ
6
− b
3Λ2
72
)
sinφ,
mΛ
6
(3 + cos 2φ). (31)
The existence of the above terms in Eq. (29) reflects the fact that the background spacetime
is de Sitter spacetime instead of Minkowski spacetime.
Before concluding this section, it is noteworthy that unlike Schwarzschild–de Sitter space-
time, the trajectory equation of the light ray in Kerr–de Sitter spacetime depends on the
cosmological constant Λ; from the condition
du
dφ
∣∣∣∣
u=u0
= 0, u0 =
1
r0
, (32)
and Eq. (19), we have following relation:
1
B2
=
1
b2
+
Λ
3
=
1
r20
− 2m
r30
+
2a2
r20
− 3a
2
b2r20
+
4am
b3r0
− 2Λar
2
0
3b3
+O(ε3), (33)
in which r0 is the radial coordinate value of the light ray at the point of closest approach
(in our case φ = π/2), and r0 can be obtained by the observation in principle as the
circumference radius ℓ0 = 2πr0. It is also possible to obtain a similar relation from Eqs.
(18) and (19); but the expression becomes more complicated. Eq. (33) means that unlike
the Schwarzschild–de Sitter case, B cannot be expressed only by r0, m, and a; Λ and b too
are required. As a result, the trajectory equation of the light ray in Kerr–de Sitter spacetime
depends on the cosmological constant Λ and b; whereas the equation of the light trajectory
in Schwarzschild–de Sitter spacetime is independent of Λ and b; in fact setting a = 0 in Eqs.
(17) and (19) yields (
du
dφ
)2
=
1
b2
+
Λ
3
− u2 + 2mu3, (34)
thus using u0 = 1/r0, we obtain
1
B2SdS
=
1
b2
+
Λ
3
=
1
r20
− 2m
r30
. (35)
Eq. (35) shows that the constant BSdS in Schwarzschild–de Sitter spacetime can be deter-
mined without knowing Λ and b.
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III. GENERAL RELATIVISTIC ABERRATION EQUATION
The general relativistic aberration equation is given by [20]; also see [38, 39]:
cosψ =
gµνk
µwν
(gµνuµkν)(gµνuµwν)
+ 1, (36)
where kµ is the 4-momentum of the light ray Γk which we investigate, w
µ is the 4-momentum
of the radial null geodesic Γw connecting the center O and the position of observer P ,
uµ = dxµ/dτ is the 4-velocity of the observer (τ is the proper time of the observer), and ψ
is the angle between the two vectors kµ and wµ at the position of observer P . The details
of the derivation of Eq. (36) are described in section V B of [20]. Because Eq. (36) includes
the 4-velocity of the observer uµ, it enables us to calculate the influence of the motion of
the observer on the measurable angle ψ. See FIG. 1 for the schematic diagram of the light
FIG. 1: Schematic diagram of light trajectory. Γk (bold line) is the trajectory of the light ray we
investigate, Γw (dotted line) is the radial null geodesic connecting the center O and the position
of observer P and the measurable angle ψ is the intersection angle between Γk and Γw at P . Two
bold vectors ur and uφ at P indicate the directions of the r (radial) and φ (transverse) components
of the 4-velocity uµ. The direction of time component ut is perpendicular to this schematic plane.
trajectory.
Eq. (36) can be written as the tangent formula (see Eq. (22) in [37]) which gives the
same approximate solution of the measurable angle ψ as with Eq. (36) but requires tedious
and lengthy calculations. Hence, we will present the results obtained from Eq. (36).
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IV. MEASURABLE ANGLE IN KERR–DE SITTER SPACETIME
Henceforth, in accordance with the procedure described in our previous paper [37], we
calculate the measurable angle ψ at the position of observer P . From now on, only important
equations are summarized; see section IV in [37] for the details of the derivation.
Because we are working in the equatorial plane θ = π/2, dθ = 0 as the orbital plane of
the light ray, the components of the tangent vectors kµ and wµ are
kµ = (kt, kr, 0, kφ), (37)
wµ = (wt, wr, 0, 0). (38)
As kµ and wµ are null vectors, from the null condition gµνk
µkν = 0 and gµνw
µwν = 0, kt
and wt are expressed in terms of kr, kφ and wr, respectively as
kt =
C(r)kφ +
√
[C(r)kφ]2 + A(r)[B(r)(kr)2 +D(r)(kφ)2]
A(r)
, (39)
wt =
√
B(r)
A(r)
wr, (40)
where we chose the sign of kt and wt to be positive. The inner product gµνk
µwν is given in
terms of A(r), B(r), C(r), and D(r) by
gµνk
µwν =
{
−
√
B(r)
A(r)
A(r)D(r) + C2(r)
bA(r)− C(r)
+
√
B(r)[A(r)D(r) + C2(r)][−b2A(r) + 2bC(r) +D(r)]
bA(r)− C(r)
}
kφwr. (41)
A. Measurable Angle by Static Observer
In the case of the static observer, the component of the 4-velocity of the observer uµ
becomes
uµ = (ut, 0, 0, 0), (42)
and the condition for the time-like observer gµνu
µuν = −1 gives ut as
ut =
1√
A(r)
, (43)
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where we take ut to be positive. The inner products gµνu
µkν and gµνu
µwν become
gµνu
µkν = − 1√
A(r)
A(r)D(r) + C2(r)
bA(r)− C(r) k
φ, (44)
gµνu
µwν = −
√
B(r)wr, (45)
Inserting Eqs. (41), (44), and (45) into Eq. (36), we have
cosψstatic =
√
A(r)[−b2A(r) + 2bC(r) +D(r)]
A(r)D(r) + C2(r)
. (46)
Further, substituting Eqs. (7), (8), (9), (10) and (29) into Eq. (46), and expanding up to
the order O(ε2), ψstatic for the range 0 ≤ ψ ≤ π/2 is given by
ψstatic = φ+
2m
b
cos φ
+
1
8b2
{
m2 [15(π − 2φ)− sin 2φ]− 16ma cosφ}
−Λb
2
6
cotφ+
Λb
3
cosφ
[
m(1 + csc2 φ) + 2a csc φ
]− Λ2b4
288
csc4 φ sin 4φ
+O(ε3). (47)
and for the range π/2 ≤ φ ≤ π
ψstatic = π − φ− 2m
b
cosφ
− 1
8b2
{
m2 [15(π − 2φ)− sin 2φ]− 16ma cosφ}
+
Λb2
6
cotφ− Λb
3
cosφ
[
m(1 + csc2 φ) + 2a cscφ
]
+
Λ2b4
288
csc4 φ sin 4φ
+O(ε3). (48)
As in [37], we divided the expression for ψstatic into two cases, Eqs. (48) and (47). The
purpose of this was to utilize trigonometric identities such as
√
1− sin2 φ = cosφ for 0 ≤
φ ≤ π/2 and
√
1− sin2 φ = − cosφ for π/2 ≤ φ ≤ π. Henceforth we adopt a similar
procedure when calculating angle measured by the observer in radial motion, ψradial and
in transverse motion ψtransverse below. Although this procedure may not be necessary for
computing ψstatic and ψradial, it is required when computing ψtransverse; see Eq. (76) and
observe the case for φ→ π.
The first and second lines in Eqs. (47) and (48) are in agreement with the measurable
angle of the static observer in Kerr spacetime derived in [37], and the third lines in Eqs.
(47) and (48) are due to the influence of the cosmological constant Λ.
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Here, let us estimate how the cosmological constant Λ contributes to the measurable
angle of the light ray. We assume that the observer is located within the range 0 ≤ φ ≤ π/2
and as the lens object, we adopt the typical galaxy with mass Mgal, radius Rgal, and angular
momentum Jgal; the impact parameter b is comparable with Rgal (see TABLE I). Because
TABLE I: Numerical values. We use the following numerical values in this paper. As the value of
the total angular momentum Jgal, we adopt that of our Galaxy Jgal ≃ 1.0×1067 kg m2/s from [41].
Name Symbol Value
Mass of the Galaxy Mgal = 10
12M⊙ 2.0× 1042 kg
m = GMgal/c
2 1.5× 1015 m
Impact Parameter b = Rgal = 26 kly 2.5× 1020 m
Angular Momentum of the Galaxy [41] J = Jgal 1.0 × 1067 kg m2/s
Spin Parameter a = J/(Mgalc) 1.7× 1016 m
Cosmological Constant Λ 10−52 m−2
Hubble Constant H0 = c
√
Λ/3 1.73 × 10−18 s−1
Distance from Lens Object D = 1.0 Gly 9.4× 1024 m
Recession Velocity vH = H0D 1.6× 107 m/s
Radial Velocity vr = vH/c 0.05
Transverse Velocity bvφ = vH/c 0.05
the Kerr contributions appearing in Eqs. (47) and (48) are examined in our previous paper
[37], we extract the terms concerning the cosmological constant Λ from Eq. (47) and put
ψstatic(φ; Λ, b) = −Λb
2
6
cotφ− Λ
2b4
288
csc4 φ sin 4φ, (49)
ψstatic(φ : m, a,Λ, b) =
Λb
3
cosφ
[
m(1 + csc2 φ) + 2a cscφ
]
, (50)
To compare the contribution of the cosmological constant Λ with the result of the Kerr
case, we compute the following terms of the total deflection angle α in Kerr spacetime (see
e.g., [37]) using the values summarized in TABLE I:
4m
b
≈ 2.4× 10−5 rad, (51)
15πm2
4b2
≈ 4.2× 10−10 rad, (52)
−4ma
b2
≈ ∓1.6 × 10−9 rad for ± a. (53)
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FIGs. 2 and 3 show the φ dependences of Eqs. (49) and (50), respectively. From
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FIG. 2: φ dependence of Eq. (49).
FIG. 2, Eq. (49) is a monotonic function of φ and increases rapidly, diverging to negative
infinity as φ approaches 0. This property is due to the existence of the de Sitter horizon
at rdS ≈
√
3/Λ. The order O(Λb,Λ2b2) terms in Eq. (49) take a negative value which
diminishes the measurable angle ψ.
Eq. (50) contains the order O(Λbm,Λba) terms and its magnitude is O(10−10) which is
almost comparable to the second order deflection angle, Eq. (52). In accordance with the
sign of the spin parameter a, Eq. (50) takes a different sign; for a > 0, Eq. (50) is positive
and vice versa. However, regardless of the sign of the spin parameter a, Eq. (50) diverges
to positive infinity as φ approaches 0.
Before concluding this section, we note that if Eq. (30) (see also Eq. (31)) is adopted
instead of Eqs. (26) and (29), the measurable angle ψ˜static for the range 0 ≤ φ ≤ π/2
13
-2x10-10
 0
 2x10-10
 4x10-10
 6x10-10
 8x10-10
 1x10-9
0 pi/4 pi/2
ψ
st
at
ic
(ϕ;
 m
,
 
a
,
 
Λ
,
 
b
) [r
ad
]
ϕ
Static Observer in Kerr-de Sitter Spacetime
a > 0
a < 0
FIG. 3: φ dependence of Eq. (50).
becomes
ψ˜static = φ+
2m
b
cosφ
+
1
8b2
{
m2 [15(π − 2φ)− sin 2φ]− 16ma cosφ}
−Λb
2
6
csc φ secφ+
Λb
3
[m(cotφ cscφ− sec φ) + 2a cotφ]
−Λ
2b4
9
cot 2φ csc2 2φ+O(ε3), (54)
where the first and second lines are also in agreement with the measurable angle of the static
observer in the Kerr spacetime as derived in [37].
Comparing Eqs. (47) and (54), we find the following: first, in spite of the different
correction terms due to the cosmological constant Λ, the measurable angles ψstatic and ψ˜static
take a large value rapidly and diverge to negative infinity when φ approaches 0. This property
is related to the existence of the de Sitter horizon. Second, when φ→ π/2, Eq. (47) leads to
the result ψstatic → π/2, which is consistent with the initial condition in our case, Eq. (28).
Note that at φ = π/2, the two null geodesics kµ and wµ are orthogonal. However, Eq. (54)
diverges, and ψ˜static → ∞, which contradicts the initial condition Eq. (28). Therefore, Eq.
(24) should be employed as the zeroth-order solution of u; as a consequence Eq. (27) or at
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least Eq. (29) should be used as the trajectory equation of the light ray when investigating
light bending in Kerr–de Sitter spacetime. The same holds for Schwarzschild–de Sitter
spacetime. Until now, how a zeroth-order solution u0 is to be chosen was not considered
carefully, the above indication is one of the important suggestions in this paper.
B. Measurable Angle by Observer in Radial Motion
The component of the 4-velocity uµ of the radially moving observer is
uµ = (ut, ur, 0, 0), (55)
and from the condition gµνu
µuν = −1, ut can be expressed in terms of ur as
ut =
√
B(r)(ur)2 + 1
A(r)
, (56)
where ut is taken to be positive. The inner products gµνu
µkν and gµνu
µwν are given by
gµνu
µkν =
{
−
√
B(r)(ur)2 + 1
A(r)
A(r)D(r) + C2(r)
bA(r)− C(r)
+ ur
√
B(r)[A(r)D(r) + C2(r)][−b2A(r) + 2bC(r) +D(r)]
bA(r)− C(r)
}
kφ, (57)
gµνu
µwν =
{
−
√
B(r) [B(r)(ur)2 + 1] +B(r)ur
}
wr. (58)
Here, instead of ur, we introduce the coordinate radial velocity vr as
vr =
dr
dt
=
dr/dτ
dt/dτ
=
ur
ut
, (59)
and substituting Eq. (56) into Eq. (59), we find,
ur =
vr√
A(r)−B(r)(vr)2 . (60)
Using Eq. (60), we rewrite Eqs. (57) and (58) in terms of vr
gµνu
µkν =
{
− A(r)D(r) + C
2(r)
[bA(r)− C(r)]√A(r)−B(r)(vr)2
+ vr
√
B(r)[A(r)D(r) + C2(r)][−b2A(r) + 2bC(r) +D(r)]
[bA(r)− C(r)]√A(r)− B(r)(vr)2
}
kφ, (61)
gµνu
µwν = −
√
A(r)B(r)−B(r)vr√
A(r)− B(r)(vr)2 w
r. (62)
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Here we impose the slow motion approximation for the radial velocity of the observer,
vr ≪ 1. Next, following the same procedure used to obtain Eqs. (47) and (48), we insert
Eqs. (7), (8), (9), (10), (41), (61) and (62) into Eq. (36), obtaining ψradial for the range
0 ≤ φ ≤ π/2 up to the order O(ε2, ε2vr)
ψradial = φ+ v
r sin φ+
2m
b
(cosφ+ vr)
+
1
8b2
(
m2[15(π − 2φ)− sin 2φ]− 16am cosφ)
+
vr
16b2
{
m2 [30(π − 2φ) cosφ+ 95 sinφ− sin 3φ]
−16am(1 + cos 2φ)− 2a2(3 sinφ− sin 3φ)}
−Λb
2
6
cotφ− Λb
2vr
12
(cos 2φ− 3) + Λb
3
cosφ
[
m(1 + csc2 φ) + 2a cscφ
]
+
Λbvr
3
csc φ [a+m csc φ+ (a− 2m cscφ) cos 2φ]
−Λ
2b4
288
csc4 φ sin 4φ− Λ
2b4vr
144
(cos 2φ− 7) cot2 φ cscφ+O(ε3, (vr)2), (63)
and for the range π/2 ≤ φ ≤ π
ψradial = π − φ+ vr sinφ+ 2m
b
(− cosφ+ vr)
− 1
8b2
(
m2[15(π − 2φ)− sin 2φ]− 16am cosφ)
+
vr
16b2
{
m2 [30(π − 2φ) cosφ+ 95 sinφ− sin 3φ]
−16am(1 + cos 2φ)− 2a2(3 sinφ− sin 3φ)}
+
Λb2
6
cotφ− Λb
2vr
12
(cos 2φ− 3)− Λb
3
cosφ
[
m(1 + csc2 φ) + 2a cscφ
]
+
Λbvr
3
csc φ [a+m csc φ+ (a− 2m cscφ) cos 2φ]
+
Λ2b4
288
csc4 φ sin 4φ− Λ
2b4vr
144
(cos 2φ− 7) cot2 φ csc φ+O(ε3, (vr)2). (64)
The first four lines in Eqs. (63) and (64) coincide with the measurable angle in Kerr space-
time which has already been investigated in [37], and the remaining terms, lines 5 to 7, are
the correction due to the cosmological constant Λ.
Now we concentrate on investigating the influence of the cosmological constant Λ and the
radial velocity vr. Then we extract the order O(Λb2vr,Λ2b4vr) and O(Λbmvr,Λbavr) terms
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from Eq. (63) except the contributions of Eqs. (49) and (50) and put
ψradial(φ; Λ, b, v
r) = −Λb
2vr
12
(cos 2φ− 3)− Λ
2b4vr
144
(cos 2φ− 7) cot2 φ cscφ, (65)
ψradial(φ;m, a,Λ, b, v
r) =
Λbvr
3
csc φ [a+m csc φ+ (a− 2m csc φ) cos 2φ] . (66)
Because the background spacetime of Kerr–de Sitter is de Sitter spacetime, we assume that
radial velocity obeys Hubble’s law:
vr ≈ vH = H0D, H0 = c
√
Λ
3
, (67)
where D is the distance between the lens (central) object O and observer P , and we take
D ≈ 1 Gly ≃ 9.4× 1024 m which is the typical distance scale of the galaxy lensing.
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FIG. 4: φ dependence of Eq. (65).
FIGs. 4 and 5 illustrate the φ dependence of Eqs. (65) and (66), respectively. Eq. (65)
diverges to positive or negative infinity when φ approaches 0 depending on the sign of the
velocity vr. On the other hand, when φ→ π/2, Eq. (65) approaches Λb2vr/3.
For the positive velocity vr > 0, Eq. (66) becomes negative infinity when φ approaches
0, while for the negative velocity vr < 0, Eq. (66) diverges to positive infinity. These
properties are independent of the sign of the spin parameter a. Next, when φ → π/2,
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Eq. (66) converges to Λbmvr which depends on the radial velocity vr but is independent
of the spin parameter a. The magnitude of the velocity-dependent part, Eq. (66), is at
most O(10−12) which is two orders of magnitude smaller then the second order contribution
O(m2) in Eq. (52).
C. Measurable Angle by Observer in Transverse Motion
As the third case, let us investigate the observer in transverse motion which is the motion
in a direction perpendicular to the radial direction in the orbital plane. The component of
the 4-velocity of the observer uµ is
uµ = (ut, 0, 0, uφ), (68)
and the condition gµνu
µuν = −1 gives
ut =
C(r)uφ +
√
[C(r)uφ]2 + A(r)[D(r)(uφ)2 + 1]
A(r)
, (69)
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in which we chose the sign of ut to be positive. gµνu
µkν and gµνu
µwν are computed as
gµνu
µkν =
A(r)D(r) + C2(r)
A(r)
{
uφ −
√
[C(r)uφ]2 + A(r)[D(r)((uφ)2 + 1)]
bA(r)− C(r)
}
kφ, (70)
gµνu
µwν = −
√
B(r)
A(r)
{[C(r)uφ]2 + A(r)[D(r)(uφ)2 + 1]}wr. (71)
In the same way as was done for Eqs. (61) and (62), we rewrite Eqs. (70) and (71) in terms
of the coordinate angular velocity vφ which is determined by
vφ =
dφ
dt
=
dφ/dτ
dt/dτ
=
uφ
ut
, (72)
and using Eq. (69), uφ is obtained by means of vφ as,
uφ =
vφ√
A(r)− 2C(r)vφ −D(r)(vφ)2 . (73)
Inserting Eq. (73) into Eqs. (70) and (71), gµνu
µkν and gµνu
µwν are rewritten as
gµνu
µkν =
[A(r)D(r) + C2(r)](−1 + bvφ)
[bA(r)− C(r)]
√
A(r)− 2C(r)vφ −D(r)(vφ)2k
φ, (74)
gµνu
µwν = −
√
B(r)
A(r)
A(r)− C(r)vφ√
A(r)− 2C(r)vφ −D(r)(vφ)2w
r. (75)
Because vφ = dφ/dt is the coordinate angular velocity, we regard bvφ as the coordinate
transverse velocity which allows us to employ the slow motion approximation bvφ ≪ 1. As
was done when deriving Eqs. (63) and (63), we substitute Eqs. (7), (8), (9), (10), (41), (74)
and (75) into Eq. (36), and expand up to the order O(ε2, ε2bvφ), obtaining ψtransverse for
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0 ≤ φ ≤ π/2:
ψtransverse = φ+ bv
φ tan
φ
2
+
2m
b
cos φ
(
1 +
bvφ
1 + cosφ
)
+
1
8b2
{
m2[15(π − 2φ)− sin 2φ]− 16am cosφ}
+
bvφ
8b2(1 + cosφ)
{
m2
[
15(π − 2φ)− 16 sinφ+ 7 sin 2φ+ 16 tan φ
2
]
+8ma(1− 2 cosφ− cos 2φ)
}
−Λb
2
6
cotφ− Λb
3vφ cotφ
6(1 + cosφ)
+
Λb
3
cosφ
[
m(1 + csc2 φ) + 2a csc φ
]
+
Λb3vφ [m(1− 4 cosφ+ cos 2φ)− 2a(sin φ+ sin 2φ)]
6b(cosφ− 1)(1 + cosφ)2
−Λ
2b4
288
csc4 φ sin 4φ− Λ
2b5vφ
2304
cos φ(1− 2 cosφ+ 3 cos 2φ) csc3 φ
2
sec5
φ
2
+O(ε3, (bvφ)2), (76)
and for π/2 ≤ φ ≤ π:
ψtransverse = π − φ+ bvφ cot φ
2
− 2m
b
cosφ
(
1 +
bvφ
1− cosφ
)
− 1
8b2
{m2[15(π − 2φ)− sin 2φ]− 16am cosφ}
+
bvφ
8b2(1− cos φ)
{
m2
[
−15(π − 2φ)− 16 sinφ− 7 sin 2φ+ 16 cot φ
2
]
+8am(1 + 2 cosφ− cos 2φ)
}
+
Λb2
6
cotφ+
Λb3vφ cotφ
6(1− cosφ) −
Λb
3
cos φ
[
m(1 + csc2 φ) + 2a cscφ
]
−Λb
3vφ [m(1 + 4 cosφ+ cos 2φ)− 2a(sinφ− sin 2φ)]
6b(cosφ− 1)2(1 + cosφ)
+
Λ2b4
288
csc4 φ sin 4φ+
Λ2b5vφ
2304
(1 + 2 cosφ+ 3 cos 2φ) csc5
φ
2
sec3
φ
2
+O(ε3, (bvφ)2). (77)
As is the case of Eqs. (63) and (64), the first four lines in Eqs. (76) and (77) are equivalent
to the measurable angle in Kerr spacetime obtained in [37], and the remaining terms, lines
5 to 7, are the additional terms due to the cosmological constant Λ.
Even here, we pay attention to the contribution of the cosmological constant Λ and take
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the parts of the cosmological constant Λ and the transverse velocity bvφ:
ψtransverse(φ; Λ, b, bv
φ) = − Λb
3vφ cotφ
6(1 + cosφ)
−Λ
2b5vφ
2304
cosφ(1− 2 cosφ+ 3 cos 2φ) csc3 φ
2
sec5
φ
2
, (78)
ψtransverse(φ;m, a,Λ, b, bv
φ) =
Λb3vφ [m(1− 4 cosφ+ cos 2φ)− 2a(sin φ+ sin 2φ)]
6b(cosφ− 1)(1 + cosφ)2 , (79)
and we assume that the transverse velocity is comparable with the recessional velocity vH
bvφ ≈ vH , (80)
see also TABLE I.
FIGs. 6 and 7 show the φ dependences of Eqs. (78) and (79), respectively. Eq. (78)
consists of the order O(Λb3vφ,Λ2b5vφ) terms, however unlike Eq. (65), for the positive
transverse velocity bvφ > 0, Eq. (78) diverges to negative infinity when φ approaches 0 and
vice versa. When φ→ π/2, Eq. (78) converges to 0 regardless of the sign of the transverse
velocity bvφ.
From FIG. 7, we find that regardless of the sign of the spin parameter a, Eq. (79)
becomes positive infinity for the positive transverse velocity bvφ > 0 and negative infinity
for the negative transverse velocity bvφ < 0 when φ approaches 0. When φ → π/2, Eq.
(79) converges to Λb2avφ/3 which depends on both the spin parameter a and the transverse
velocity bvφ unlike Eq. (66). As in Eq. (66), the magnitude of Eq. (79) is at most O(10−12)
and it is two orders of magnitude of smaller than the second order contribution O(m2) in
Eq. (52).
D. Comparison of Static, Radial and Transverse Cases
Here, we summarize the asymptotic behavior, φ → 0 and φ → π/2, of Eqs. (49), (50)
(65), (66), (78), and (79) and their sign within the range 0 < φ < π/2 in TABLE II. We find
that there is a difference in the asymptotic behavior of the radial and transverse motions of
the observer; for instance, when φ → 0, Eq. (65) diverges to positive infinity whereas Eq.
(78) diverges to negative infinity for the positive velocities vr > 0 and bvφ > 0. The same
situation can be observed in the case of Eqs. (66) and (79).
When φ → π/2, Eqs. (49), (50), and (79) converge to 0 whereas the results of Eq. (65)
depend on the radial velocity vr. Despite the fact that Eq. (66) includes the spin parameter
21
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TABLE II: Asymptotic behavior of Eqs. (49), (50), (65), (66), (78), and (79).
Motion of Observer Eq. Number φ→ 0 0 < φ < pi/2 φ→ pi/2
Static
Eq. (49) −∞ Negative 0
Eq. (50) ∞
Positive for a > 0
0
Mostly Negative for a < 0
Radial
Eq. (65)
∞ for vr > 0 Positive for vr > 0
Λb2vr/3
−∞ for vr < 0 Negative for vr < 0
Eq. (66)
−∞ for vr > 0
Mostly Positive for a > 0
Λbmvr
Mostly Negative for a < 0
∞ for vr < 0
Mostly Negative for a > 0
Mostly Positive for a < 0
Transverse
Eq. (78)
−∞ for vφ > 0 Negative for vφ < 0
0
∞ for vφ < 0 Positive for vφ < 0
Eq. (79)
∞ for vφ > 0
Positive for a > 0
Λb2avφ/3
Mostly Negative for a < 0
−∞ for vφ < 0
Negative for a > 0
Mostly Positive for a < 0
a and radial velocity vr, it depends only on vr and is independent of a. The results of Eq.
(79) depend on both the transverse velocity bvφ and the spin parameter a.
Within the range 0 < φ < π/2, the sign of Eqs. (65), (66), (78), and (79) depends on the
sign of the velocity vr, bvφ and the spin parameter a; e.g., for the positive velocity vr > 0
and bvφ > 0, these equations have a (mostly) positive value for a > 0 but a (mostly) negative
value for a < 0.
V. CONCLUSIONS
In this paper, instead of the total deflection angle α we mainly focused on discussing
the measurable angle of the light ray ψ at the position of the observer in Kerr–de Sitter
spacetime which includes the cosmological constant Λ. We investigated the contributions
of the radial and transverse motions of the observer which are related to the radial velocity
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vr and the transverse velocity bvφ as well as the influence of the gravitomagnetic field or
frame dragging described by the spin parameter a of the central object and the cosmological
constant Λ.
The general relativistic aberration equation was employed to incorporate the effect of the
motion of the observer on the measurable angle ψ. The expressions for the measurable angle
ψ derived in this paper apply to the observer placed within the curved and finite-distance
region in the spacetime.
To obtain the measurable angle ψ, the equation of the light trajectory was obtained in
such a way that the background is de Sitter spacetime instead of Minkowski spacetime.
At the end of section IVA, we showed that the choice of the zeroth-order solution u0 is
important and a zeroth-order solution u0 in Kerr–de Sitter and Schwarzschild–de Sitter
spacetimes should be chosen in such a way that the background is de Sitter spacetime, Eq.
(24). Further, Eq. (27) or at least Eq. (29) should be used as the trajectory equation of the
light ray.
We find that even when the radial and transverse velocities have the same sign, their
asymptotic behavior when φ approaches 0 is differs, and each diverges to the opposite
infinity.
If we assume that the lens object is the typical galaxy, the static terms O(Λbm,Λba)
in Eq. (50) are basically comparable with the second order deflection term O(m2) but al-
most one order smaller than the Kerr deflection −4ma/b2. The velocity-dependent terms
O(Λbmvr,Λbavr) in Eq. (66) for radial motion and O(Λb2mvφ,Λb2avφ) in Eq. (79) for
transverse motion are at most two orders of magnitude smaller than the second order de-
flection O(m2). Therefore, if the second order deflection term O(m2) becomes detectable
by gravitational lensing, it may be possible to detect the cosmological constant Λ from the
static terms in Eq. (50).
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